Abstract. For any noetherian scheme X smooth and separated over an algebraically closed field k, we describe the Albanese variety Alb X of X in the world of DM eff (k). As an application, we explain the structure of the Picard functor Pic 0 X/k .
1. Introduction 1.1. Throughout this paper, let k be an algebraically closed field, and let p be its exponential characteristic. See 1.10 for the reason why we should restrict to this case.
1.2.
There are some objects constructed schematically first that are considered as a "motivic object" later in an appropriate sense. For example, Chow groups CH n (X) were first defined by cycles in a scheme X, and after Voevodsky introduced the triangulated category of motives DM eff (k), CH n (X) was also considered as a motivic cohomology group Hom DM eff (k) (M (X), Z(n)[2n]).
Following this phenomenon, we can try to give a motivic structure to an object already constructed schematically. In this paper, we give a motivic structure to Albanese varieties, which are constructed schematically as follows.
Let X be an integral noetherian scheme over k, and let x be its closed point. The Albanese morphism (with respect to (X, x)) is a morphism X → Alb X of schemes over k to a semi-abelian variety Alb X mapping x to 0 that is universal among morphisms from X to semi-abelian varieties mapping x to 0. Then Alb X is called the Albanese variety of X. The existence of Alb X is proven by Serre ([20] ).
When X is smooth over k, the motivic interpretation of Alb X is that this is the "1-motivic part" of the motive M (X) in DM eff (k). To realize this interpretation, we introduce the following construction. The 0-motivic part of M (X) is Z r where r is the number of connected components of X. To remove Z r from M (X), we take the cocone M ≥1 (X) := cocone(M (X) → Z r ).
Then to remove the m-motivic parts of M ≥1 (X) for m ≥ 2, we use the duality Hom DM eff (k) (−, Z(1) [2] ) since this operation should make the m-motivic part of M (X) into the (2 − m)-motivic part of Hom DM eff (k) (M (X), Z(1) [2] ), and it is easier to remove the (2 − m)-motivic part for m ≥ 2. The 0-motivic part of Hom DM eff (k) (M ≥1 (X), Z(1) [2] ) is the Néron-Severi group NS(X). To remove NS(X) from Hom DM eff (k) (M ≥1 (X), Z(1) [2] ), we take the cocone M 1 (X) ∨ := cocone(Hom DM eff (k) (M ≥1 (X), Z(1) [2] ) → NS(X)).
Then we can consider M 1 (X) ∨ as the dual of the motivic Albanese object of X. The comparison of M 1 (X) ∨ and the Albanese variety Alb X is as follows, which is our main theorem. Theorem 1.3 (Theorem 6.21). Let X be a noetherian scheme smooth and separated over k. Then M 1 (X) ∨ [−1] is isomorphic to the Cartier dual of the semi-abelian variety Alb(X).
1.4.
As an application of this theorem, we explain the structure of Picard functors as follows. Corollary 1.5 (Corollary 6.23). Let X be a noetherian scheme smooth and separated over k, and express the structure of Alb(X) as an exact sequence 0 → T Alb (X) ⊗ G m → Alb(X) → Alb(X) → 0 of semi-abelian varieties where T Alb (X) is a lattice and Alb(X) is an abelian variety over k. Then there is an exact sequence ∨ ) denotes the dual lattice (resp. dual abelian variety) of T Alb (resp. Alb(X)). Theétale version is proved in the argument of [6, Proposition 3.5.1] . A surjective morphism A → Pic 0 X/k ofétale sheaves with transfer may not be a surjective morphism of Nisnevich sheaves with transfer. Thus more careful choices are needed to establish the Nisnevich version. This means that the above corollary contains more data. Note also that the exactness of (1.6.1) asétale sheaves does not insure that A ∼ = Alb(X) since the choice of A is not canonical. ). An isogeny A → B of abelian varieties over k is not an epimorphism of Nisnevich sheaves with transfer in general. Thus many proofs in the literature cannot be used for the Nisnevich topology. For example, with thé etale topology, lots of arguments can be reduced to the case of curves since any abelian variety over k is isogenous to a direct summand of Alb(C) for some curve C smooth and proper over k. Such a technique is not available with the Nisnevich topology.
Within the category DM
Note also that Theorem 1.3 and Corollary 1.5 can be easily deduced from Serre's result ( [19] ) if we assume resolution of singularities. Since we are working with the Nisnevich topology and Z-coefficient, the de Jong alteration is not a perfect replacement for resolution of singularities. Hence we need more arguments.
This paper provides a way to weaken the burden.
1.8. Albanese varieties appear naturally in the theory of 1-motives. Therefore our results may form a basic tool for developing a theory of integral 1-motives relating DM eff (k).
1.9. Organization of the paper. In Section 2, we study Picard functors and their basic properties. In Section 3, we use a kind of Hilbert's Theorem 90 to use alterations to DM eff (k). In Section 4, we recall the notion of 0-motivic sheaves and prove some vanishing results. In Section 5, the structure of M 1 (X) ∨ is described using the previous sections. In Section 6, we study the motivic dual of semi-abelian varieties, and we deduce that M 1 (X) ∨ [−1] is isomorphic to the Cartier dual of Alb X.
1.10.
Condition that k is algebraically closed. We cannot weaken the condition that k is algebraically closed if we work within DM(k). By the following two related reasons, k should be separably closed.
(i) The triangulated category DM(k) does not admit a reasonable motivic tstructure by [21, Proposition 4.3.8] if there is a conic over k without rational points. (ii) Let X be a noetherian scheme smooth and proper over k. The Picard functor Pic X/k is not anétale sheaf (so not representable) in general if X has no rational points. We should assume that k is perfect since [15, Theorem 13.8 ] is wrong without the condition.
Notations and convention.
(1) Sm/k denotes the category of noetherian schemes smooth and separated over k. (2) Sh tr (k) denotes the category of Nisnevich sheaves with transfers on Sm/k. (3) A lattice is a constant sheaf on Sm/k associated with a finitely generated free abelian group Z d . (4) For any abelian group F , by abuse of notation, we write F for the associated constant Nisnevich sheaf with transfers. (5) For any semi-abelian variety G, by abuse of notation, we write G for the associated Nisnevich sheaf with transfers on Sm/k given in [17] . (6) For any closed monoidal triangulated category T , Hom T denotes the internal Hom. (7) For any morphism F → G in an abelian category, let [F → G] denote the complex where F sits in degree 0.
Picard functors
2.1. In this section, we study the Picard functor for a noetherian scheme X smooth and separated over k. Let Pic X/k denote the presheaf of abelian groups on Sm/k given by
It is the restriction of the usual Picard functor to Sm/k, and it has a transfer structure since the functors T → Pic(X × T ) and T → Pic(T ) are presheaves with transfers on Sm/k.
When T is integral, consider the composition Pic(X × T ) i * → Pic(X) → NS(X) where i is the pullback of a closed immersion {x} → T from a rational point x of X. The composition is independent of the choice of i, and any element of Pic(T ) in Pic(X × T ) maps to 0 in NS(X). This induces a morphism
of presheaves with transfers. We denote by Pic 0 X/k its kernel. 2.2. Let X be an integral noetherian scheme smooth and separated over k. Recall that π 0 (X) denotes the disjoint union of r copies of Spec k if X has r connected components. Note that we have the structure morphism X → π 0 (X). Set π 0 (Z tr (X)) := Z r . We denote by Z tr ≥1 (X) the kernel of the induced morphism
of Nisnevich sheaves with transfers. Since each connected component of X has a rational point, we have a decomposition
, and consider it as an object of DM eff (k).
Proposition 2.3. Let X be a scheme smooth and separated over k. Then Pic X/k is a Nisnevich sheaf with transfers on Sm/k.
Proof. Since we have checked that Pic X/k is a presheaf with transfers in 2.1, it remains to show that Pic X/k is a Nisnevich sheaf. If T is a disjoint union of T 1 and
be a Nisnevich distinguished square where f isétale, g is an open immersion, and the induced morphism f
is an isomorphism. Here, we consider T − g(U ) having the reduced scheme structure. To check that Pic X/k is a Nisnevich sheaf, it suffices to show that the induced sequence
is exact by [23, Corollary 2.17] . By (2.3.1), we reduce to the case when T is connected. Then T is irreducible since T is smooth over k.
Let d be the number of irreducible components of T − g(U ) whose dimensions are (dim T − 1). Then by the localization sequence for higher Chow groups, we have the commutative diagrams
of abelian groups such that each row is exact. Consider the induced commutative diagram
of abelian groups where p = (f * , −g * ) and q is the summation of f ′ * and g ′ * . Note that columns are exact by definition. Taking Hom DM eff (k) (−, Z(1) [2] ) to the distinguished triangle
in DM eff (k), we get the exactness of the top row in (2.3.2). Similarly, the middle row in (2.3.2) is also exact.
Let us show that the bottom row in (2.3.2) is exact. Consider an element that there is a t-structure such that the category of t-positive objects is the smallest full subcategory of T containing F and stable under small sums, suspensions, and extensions. This t-structure is called the t-structure on T generated by F . For i ∈ Z, we denote by h i the homology functor, and we denote by τ ≤i and τ ≥i the homological truncation functors.
According to the definition and properties of t-structures, we have the following. (i) For any M ∈ T , τ ≥0 M is t-positive, and τ ≤0 M is t-negative.
(ii) For any t-positive object M and t-negative object N , Hom
(iv) For any M ∈ T and i ∈ Z,
and this is in the heart. Proposition 2.6. Let X be a noetherian scheme smooth and separated over k.
Proof. By Proposition [9, Proposition 5.1.32, Example 5.
in DM eff (k) where r is the number of connected components of X.
Definition 2.7 ([4, Proposition 3.3]
). The 0-motivic t-structure (or homotopy tstructure) on DM eff (k) is the t-structure generated by objects of the form
where X is a noetherian scheme smooth and separated over k. Note that the heart of this t-structure is equivalent to the category of homotopy invariant Nisnevich sheaves with transfers on Sm/k by the following paragraph of [4, Definition 3.1].
Proposition 2.8. Let X be a noetherian scheme smooth and separated over k.
Proof. For any noetherian scheme T smooth and separated over k,
) is the Nisnevich sheaf associated with the presheaf T → Pic(T × X). By Proposition 2.3, Pic X/k is a Nisnevich sheaf with transfers, and we have the morphism
of Nisnevich sheaves given by taking the quotient q : Pic(T × X) → Pic(T × X)/Pic(T ). Let us show p is an isomorphism. It suffices to check that q is an isomorphism when T is a henselian local scheme. In this case, we are done since Pic(T ) = 0.
Proposition 2.9. Let X be a noetherian scheme smooth and proper over k. Then
Proof. We only need to consider the case when X is connected. By Proposition 2.8, for any i ∈ Z − {0}, it suffices to show that the morphism
of homotopy invariant Nisnevich sheaves induced by the structure morphism X → k is an isomorphism. These are the Nisnevich sheaves associated with the presheaves [15, Vanishing Theorem 19.3 ], these are 0 if i = 0, 1. Thus we only need to show that the induced homomorphism
is an isomorphism for any noetherian scheme T smooth and separated over k. We also only need to consider the case when T is connected.
Let us argue as in [14, Lemma 2.12]. Since k is algebraically closed, the projection p : X × T → T has a section i : T → X × T . Hence it suffices to show that (2.9.1) is surjective. By [13, III.7.7.6], the induced homomorphism
. This shows that (2.9.1) is surjective.
2.10. Let X be a noetherian scheme smooth and separated over k. Consider the composition
where the second arrow is given in Proposition 2.8. Let M 1 (X) ∨ denote its cocone. Then we have the distinguished triangle (2.10.1)
∨ is constructed using an h-hypercover X • → X, and it is shown that it is independent of the choice of X • → X. Our approach is different. We have given a canonical definition of M 1 (X) ∨ without using any h-hypercover, and we will prove that M 1 (X)
where L is a lattice and A is an abelian variety. In the proof, we use an h-hypercover.
Proposition 2.12. Let G be a semi-abelian variety over k, and let L be a lattice. Consider them as Nisnevich sheaves on Sm/k. Then G ⊕ L has a unique transfer structure.
Proof. Set F := G ⊕ L. By [17] , G has a transfer structure. Thus F has a transfer structure. The remaining is the uniqueness. Let X and Y be noetherian schemes smooth and separated over k, and let Z ∈ Cor(X, Y ) be a correspondence. If F has another transfer structure, the two transfer structures and Z induce homomorphisms
of abelian groups. We need to show that p = q. Morphisms in Sm/k are determined by closed points, so the homomorphism
of abelian groups induced by the closed immersions {x} → X is injective where cl X denotes the set of closed points of X. Hence we reduce to the case when
, so we are done since the two transfer structures agree on the level of morphisms.
Definition 2.13. Let G be a group scheme over k. We say that G is an abelian (resp. semi-abelian) group scheme over k if π 0 (G) is a finitely generated abelian group and the connected component of the identity with the reduced scheme structure is an abelian (resp. semi-abelian) variety.
Proposition 2.14. Let X be a noetherian scheme smooth and proper over k. Then Pic 0 X/k is a Nisnevich sheaf with transfers representable by an abelian variety over k.
Proof. Let A be the presheaf of abelian groups on Sch/k given by
for scheme T over k. The restriction of A to Sm/k is Pic X/k . It is known that A is representable by an abelian group scheme over k. Let B be the connected component of A containing the identity of A. Then the restriction of B to Sm/k is Pic 0 X/k , and B red is representable by an abelian variety over k. Let T be a scheme smooth and separated over k. For any morphism f : T → B of schemes over k, f factors through B red since T is reduced. Thus B red and B represent the same presheaf on Sm/k. Then the presheaf Pic 0 X/k is representable by an abelian variety over k. It has the usual transfer structure given in [15, Example 2.5] , and this agrees with the transfer structure in [17] by Proposition 2.12.
3. Hilbert's Theorem 90 3.1. If X is not proper over k, then Pic 0 X/k is not representable by an abelian variety. Instead, a little improved version of [6, Proposition 3.5.1] is that there is an exact sequence
sheaves where L is a lattice and A is an abelian variety. We need its Nisnevich version, which asserts that there is an exact sequence (3.1.1) of Nisnevich sheaves. Note that the Nisnevich version is not a consequence of theétale version. Indeed, for any isogeny B → A of abelian varieties, there is an exact sequence
ofétale sheaves such that L ′ is a lattice. Thus there are lots of possible choices of A, and we need to choose one of them fitting in (3.1.1). We do this by explicitly constructing L and A. For this purpose, we use de Jong alterations to reduce to the case when X is smooth and projective over k.
3.2.
Let us begin with recalling Hilbert's theorem 90 inétale cohomology theory. It asserts that the induced homomorphism
of abelian groups is an isomorphism for any scheme X over k. The same proof works if we replace Zar to Nis, so the induced homomorphism
There is also a simplicial version. In [7, Proposition 4.4.1] , it is shown that the induced homomorphism
of abelian groups is an isomorphism for any simplicial scheme X • over k. As above, the induced homomorphism
of abelian groups is an isomorphism by the same proof. Now we apply it to study the structure of
Proposition 3.3. Let X be an integral scheme smooth and separated over k, and let p : X • → X be an h-hypercover. Then the induced morphisms
Proof. Let f : X → k be the structure morphism. By [21, Proposition 3.2.8], we need to show that the induced morphisms
In other words, we need to show that
Then it suffices to show that for any local henselian scheme Y over k, Using Hilbert's Theorem 90, it suffices to show that the induced homomorphism
is an isomorphism for any i ≥ 0. This follows from applying [2, VI.8.7
.7] to Proposition 3.4 below.
Proposition 3.4. Let X be an integral scheme smooth and separated over k, and let p : X • → X be an h-hypercover. Then the induced homomorphism
Proof. Let f : X → k be the structure morphism, and let K be a cone of the induced morphism 
) is a torsion abelian group. Then it remains to show that
for any i ∈ Z and prime power n. We have the exact sequences 
Note that π 0 (Z tr (X)) ∼ = Z r if X has r connected components. Thus π 0 (Z tr ≥1 (X)) = 0.
Proposition 4.4. Let X be a noetherian scheme smooth and separated over k, and let F be a constant sheaf on Sm/k. Then
Proof. We may assume that X is integral. For any i ∈ Z and noetherian scheme T smooth and separated over k, it suffices to show that the induced homomorphism
is an isomorphism. Hence we just need to prove that the induced homomorphism 
are isomorphisms by the above paragraph. Then (4.4.1) is an isomorphism by the five lemma.
Proposition 4.5. Let X be a noetherian scheme smooth and separated over k.
Proof. We have the exact sequence 0 → Pic 0 X/k → Pic X/k → NS(X) → 0 of Nisnevich sheaves with transfers. Since π 0 is the left adjoint of the inclusion functor, π 0 is right exact. Thus we have the induced exact sequence Proposition 4.7. Let G be a semi-abelian variety over k. Then
Proof. Since G and Z are in the heart of the 0-motivic t-structure, we are done when i < 0. For i = 0, we are done by Proposition 4.6. Hence the remaining case is when i = 1.
By [8, Theorem 2] (and see also the computation H n+1 (G, n; Z) = 0 in [8, p. 26]), we have the exact sequence
of Nisnevich sheaves (without transfers). Here, u and v are given by
Let Sh N is (Sm/k) denote the category of Nisnevich sheaves on Sm/k. The induced sequence
is isomorphic to the induced sequence
which is isomorphic to
Note that this is an exact sequence. For any scheme X over k and i > 0,
Thus by (4.7.1) and the exactness of (4.7.2), we have that Then we are done since Z is A 1 -local.
where L is a lattice and A is an abelian variety over k. The strategy is that we will use de Jong alterations in Proposition 5.4 to find the structure of Hom DM eff (k) (M ≥1 (X), Z(1) [2] ). Here, we will need Proposition 3.3 since h-hypercovers appear in de Jong alterations. Combining with Proposition 4.5, we will get Theorem 5.6. Definition 5.2. Let X be a noetherian scheme smooth and separated over k, and let U be an open subscheme of X. Set
and consider it as an object of DM eff (k).
Proposition 5.3. Let X be a noetherian scheme smooth and separated over k, and let U be an open subscheme of X whose complement Z is a strict normal crossing divisor. Then
where d is the number of irreducible components of Z.
Proof. We can choose open immersions
such that for each i, U i is the complement of a divisor Z i in U i+1 such that Z i is smooth and separated over k. Then by [15, Theorem 15.15] ,
Thus
Here, the second isomorphism is given by the cancellation theorem ( [22] ), and the third isomorphism is given by Proposition 4.4. Let us show that
by induction on i. It is trivial when i = 0. Consider the distinguished triangle
This completes the induction argument. Then we are done if we set i = d.
Proposition 5.4. Let X be an integral scheme smooth and separated over k.
) is an abelian variety.
Proof. By [12, §1] , we can choose a diagram
of simplicial schemes over k where (i) each X i is proper and smooth and separated over k, (ii) p is an h-hypercover, (iii) each D i is a strict normal crossing divisor in X i with complement X i . Consider the distinguished triangle
in DM eff (k). By Propositions 2.9 and 5.3,
where d i is the number of irreducible components of D i . Thus in DM eff (k),
is isomorphic to the total complex of the double complex
where Z d0 sits in degree 0. By Proposition 3.3,
From the description of the above double complex, we see that the latter is isomorphic to
It remains to show (ii) and (iii).
We can consider Z d1 ⊕Pic X0/k as a d 1 -copies of the abelian variety Pic X0/k . Thus Z d1 ⊕Pic X 0 /k is an abelian group scheme over k. The same is true for Z d2 ⊕Pic X 1 /k . Then by Lemma 5.5 below, the kernel B is also an abelian group scheme over k. Then we get (iii). By Proposition 4.5,
. Then we get (ii) since π 0 (B) is a subsheaf of a finitely generated constant sheaf Z d1 ⊕ NS(X).
Lemma 5.5. Let 0 → F → A f → B be an exact sequence of Nisnevich sheaves with transfers, and assume that A and B are abelian group schemes over k. Then F is an abelian group scheme over k.
Proof. Let T be a noetherian scheme smooth and separated over k, and let i : C → A be the kernel of A → B computed in the category of commutative group schemes over k. It suffices to show that the induced homomorphism α : C(T ) → F (T ) of abelian groups is an isomorphism. Let g : T → A be a morphism of schemes over k such that f g = 0. Then f factors through C, so α is surjective.
Let h : T → C be a morphism of schemes over k such that α(h) = 0. Then ih = 0. This means that ih factors through the zero in A, so h factors through the zero in C. Thus h = 0, so α is injective. Theorem 5.6. Let X be a scheme smooth and separated over k. Then there is an abelian variety A over k and a lattice L such that
by Proposition 2.8, we have the exact sequence
of Nisnevich sheaves with transfers. The functor π 0 is right exact since π 0 is left adjoint to the inclusion functor. Thus by Proposition 4.5, we have the exact sequence
of Nisnevich sheaves with transfers. By (2.10.1),
) is a lattice. Thus we are done.
6. Cartier duality 6.1. One of the purposes of this section is to show that
for any abelian variety A over k. Here, A ∨ denotes the dual abelian variety of A. In [6] , for theétale topology with Z[1/p]-coefficient, this is reduced to showing that
for any curve C smooth and projective over k. This is possible since A is a direct summand of Alb(C) up to isogeny for some curve C, and theétale topology can deal with such a situation well. However, for the Nisnevich topology, it is not clear how to get A from M (C). Hence we need to take an alternative way.
Out strategy is to show directly that
for any noetherian scheme X smooth and separated over k. In the proof, the results in the previous sections are used. We first collect several results on homomorphisms and extensions of semi-abelian group schemes. (k) (A, B) .
Here, sAV /k denotes the category of semi-abelian varieties over k where morphisms are homomorphisms of semi-abelian varieties over k.
Proof. By Proposition 6.2,
Let f : A → B a morphism of Nisnevich sheaves with transfers. We only need to show that f is a homomorphism of semi-abelian varieties. Since f is a morphism of abelian sheaves, the diagram
of sets commutes for any noetherian scheme T smooth and separated over k where the horizontal arrows are the multiplication functions. This means that the diagram
of schemes over k commutes where the horizontal arrows are the multiplication morphisms. Thus f preserves the multiplication structure. Similarly, f preserves the identity. Thus f is a homomorphism of semi-abelian varieties.
Proposition 6.4. Let A be an abelian variety. Then
Proof. An element of Ext 
be an exact sequence of Nisnevich sheaves with transfers. Then F is representable by [16, Proposition 17.4] , so F is isomorphic to a semi-abelian variety over k in the category of Nisnevich sheaves. Then F is isomorphic to a semi-abelian variety over k in the category of Nisnevich sheaves with transfers by Proposition 2.12. This establishes that Ext
Sh tr (k) (A, G m ). Then we get the conclusion.
Proposition 6.5. Let G be a semi-abelian variety over k. Then
where L is a lattice and A is an abelian variety over k. By the cancellation theorem ( [22] ),
Thus it suffices to show that Hom DM eff (k) (G m , A) = 0. It is the contraction A −1 of A given in [15, §23] . Thus it suffices to show that any morphism f :
This means that the composition
is equal to f . Here, p denotes the projection, and i 1 denotes the morphism induced by the 1-section Spec k → G m . In particular, f factors through p. Then f factors through j.
Proposition 6.6. Let A be an abelian variety over k. Then
is t-positive for the 0-motivic structure, and Z (1)[1] ∼ = G m is t-negative for the 0-motivic structure. Thus we are done for this case. If i = 1, then
by Proposition 6.3. Since A is projective,
Thus any morphism f : A → G m of schemes is a constant morphism. If f is a homomorphism of semi-abelian varieties over k, f should be the zero morphism. This shows that Hom sAV /k (A, G m ) = 0.
Lemma 6.7. Let A be an abelian variety over k. Then Hom DM eff (k) (A, Z(1) [2] ) is t-negative for the 0-motivic t-structure.
Proof. We need to show that
for any i > 0 and integral scheme X smooth and separated over k. Using the distinguished triangle
in DM eff (k), we only need to show that
for any i > 0. The first one holds by Proposition 6.6, so the remaining is the second one.
We have that
Consider the distinguished triangle
for any i > 0 by Proposition 4.7. Hence it suffices to show that
for any i > 0. Then by Theorem 5.6, it suffices to show that
for any i > 0 and abelian variety B over k. By Proposition 4.7, the first one holds. The second one holds since A and B are in the heart of the 0-motivic t-structure.
6.8. Let X be a noetherian scheme smooth and separated over k. If we fix a point x i for each connected component of X, then we have the Albanese morphism Alb : X → Alb(X)
mapping each x i to 0. It is universal among morphisms X → G to semi-abelian varieties over k such that each x i maps to 0. The base point free version is the Albanese morphism Alb : Z tr ≥1 (X) → Alb(X). It is universal among morphisms Z tr ≥1 (X) → G to semi-abelian varieties over k. 6.9. Let A be an abelian variety over k. Consider the Albanese morphism Alb : M ≥1 (A) → Alb(A) ∼ = A, and consider its dual
Since Hom DM eff (k) (M ≥1 (A), Z(1) [2] ) ∼ = Pic A/k by Proposition 2.9, we have the distinguished triangle (6.9.1)
Let us show that the composition Hom DM eff (k) (A, Z(1) [2] ) → NS(A) is 0. It suffices to show that the homomorphism
of abelian groups is 0 for any i ∈ Z and noetherian scheme X smooth and separated over k. We only need to consider the case when X = Spec k and i = 0 since NS(A) is a constant sheaf. Thus by Proposition 6.4, it suffices to show that the homomorphism Ext 1 sAV /k (A, G m ) → NS(A) of abelian groups is 0. This follows from [16, Proposition 17.6] . Thus from (6.9.1), we see that q has a factorization
Proposition 6.10. Let A be an abelian variety over k, and let X be a noetherian scheme smooth and separated over k. Then the homomorphism
of abelian groups induced by η A ∨ is an isomorphism.
Proof. By Proposition 4.4,
for any i ∈ Z. Then using the distinguished triangle (6.9.1), we have that
Thus it suffices to show that the induced homomorphism
of abelian groups is an isomorphism. Then it suffices to show that the induced homomorphism
of abelian groups is an isomorphism. By Propositions 4.4 and 4.7, we have that
for any i ≤ 1. Hence using the distinguished triangle (2.10.1), it suffices to show that the induced homomorphism
of abelian groups is an isomorphism. By Theorem 5.6, there is a distinguished triangle
in DM eff (k) where B is an abelian variety over k and L is a lattice. We have that
for any i ≤ 1 by Propositions 4.4 and 4.7. Hence it suffices to show that the induced homomorphism
of abelian groups is an isomorphism. This follows from the universality of the Albanese morphism M ≥1 (A) → A.
Proposition 6.11. Let A be an abelian variety over k. Then the homomorphism
Proof. It is equivalent to showing that the induced homomorphism
of abelian groups is injective and has image Pic 0 (A). Here, the right isomorphism comes from Proposition 2.9. This follows from Proposition 6.4 and [16, Proposition 17.6].
Theorem 6.12. Let A be an abelian variety over k. Then the morphism
of Nisnevich sheaves with transfers is an isomorphism.
Proof. It suffices to show that the induced homomorphism
of abelian groups is an isomorphism for any noetherian scheme X smooth and separated over k.
where d is the number of connected components of X, we are done by Propositions 6.10 and 6.11. [2] ) ∼ = L ⊗ G m is in the heart of the 0-motivic t-structure, we are done by Lemma 6.7. Theorem 6.20. Let X be a noetherian scheme smooth and separated over k, and let G be a semi-abelian variety over k. Then there is an isomorphism
of abelian groups which is functorial on G. 
